of P. Shalen asserting that certain subgroups of GL 2 (C) are nontrivial amalgamated free products. (Shalen' s persistent solicitation of this proof is responsible for the present paper. ) We say that Γ has integral representation type if it has integral -representation type for all n ^ 1. Examples include all torsion' groups and many arithmetic groups, e.g., SL n (Z) for n^3 (but not n -2). In fact variations on these examples account for essentially all known finitely generated linear groups of integral representation type (cf. § 10). Groups of integral representation type are stable under passage to quotients and to subgroups of finite index (Cor. 5.8) , and under formation of direct products (Prop. 5.11 ) (but not free products (Cor. 8.4) , and even of arbitrary group extensions (Cor. 9.9) ). The proof of the latter result is slightly intricate. The only finitely generated solvable groups of integral representation type are the finite ones (Cor. 5.9 ).
1Φ Groups of bounded character* NOTATION 1.1. We fix an algebraically closed field K, a multiplicative monoid Γ in the if-algebra M % (K) of n by n matrices, and we write Tr (Γ) = {Tr (s) | * 6 Γ}.
We answer below the following questions of Ken Millett and I. Kaplansky. Suppose that K -C and that Γ is a group whose elements all have eigenvalues all of absolute value 1. Then Γ is conjugate to a subgroup of o u n< where U n . = U n .(C) denotes the unitary group (Cor. 1.8 ). This affirmatively responds to a question posed to us by Millett. Kaplansky independently asked us whether, under the additional assumption that each element of Γ is semi-simple (i.e., diagonalizable), one can take * = 0 above. Equivalently, if each element of Γ is conjugate to an element of U n (C), is Γ conjugate to a subgroup of U n (C)Ί We furnish a counterexample in 1.10 below. Our results are based on a classical argument of Burnside which we now recall. (1) ΓcΣT This is classical. Briefly, the Z-linear span KΓ of Γ is a Kalgebra with faithful simple module V -K n . Schur's lemma says that the division algebra End KΓ (F) is K (since K is algebraically closed), and Wedderburn theory then gives KΓ -End#( V) = M n (K). The trace form (x, y) ι -• Tr (xy) on M n (K) is nondegenerate, whence the existence of the dual basis (ίj. If s = Σi a iU£M n (K) with a t e K then Tr (ss ό ) = Σ» α< Tr (t % s s ) = α, . If s eΓ then ss y eΓ for all i, so a ά 6 Tr (F). Whence the lemma. COROLLARY 
Suppose that Γ acts irreducibly on K n . (a) (Burnside) // Tr (T) is finite then Γ is finite. In fact Card (Γ) ^ (Card (Tr (Γ))y\ (b) Suppose that K admits an absolute value relative to which Tr (Γ) is bounded. Then Γ is bounded in M n (K).
(
c) Suppose that K is a nondiscrete locally compact field and that Tr (Γ) is bounded. Then the closure Γ of Γ in M n {K) is compact.
Both (a) and (b) are immediate from (1) above, and (c) follows from (b). REMARK 1.4 . The only algebraically closed locally compact nondiscrete field is C. However other locally compact fields may be admitted in (c) provided that we assume the action of Γ on K n is absolutely completely reducible. 1.5 . When Γ acts not necessarily irreducibly on K n we can choose a Jordan-Holder series (3), i.e., s is in block diagonal form. 1.6. Suppose is a homomorphism from Γ onto a subgroup Γ' of GL n (K), isomorphic to a subgroup of Γ x x x Γ r . The kernel Γ u of (4) consists of unipotent matrices ίof the form (^ ί)). If char (K) = 0 then Γ u is a torsion free group. If char (K) = p > 0 then Γ u has exponent p n : s pn -1 for all s e Γ u . COROLLARY 
(Burnside). Suppose that Γ is a group of exponent e: s e -1 for all s eΓ. Then there is a constant c = c(n, e) such that the unipotent group Γ u has index <*c in Γ. If char (if)
does not divide e then Γ n -{1} so Card (Γ) :g c.
In view of 1.6 it suffices to bound each Card (Γ % ) by a constant depending on n and e alone. From 1.3 (a) (C) (and conversely) .
With the notation of 1.6 above, the hypothesis on eigenvalues implies that each Γ t cGL n .(C) has bounded trace, so 1.3 (c) implies that the closure Γ t is compact, hence conjugate to a subgroup of U n .(C); whence (a). The homomorphism (4) then maps Γ onto a Γ" • °\ subgroup Γ' of I Jc U n {C), which has no unipotent ele\o uj ments Φl. It follows that the kernel Γ u of (4) consists of all unipotent elements of Γ, thus proving (b). If Γ acts completely reducibly on C n , then, as remarked in 1.5, we can take * = 0 in (5), whence (c).
Kaplansky's Problem 1.9 . Let Γ be as in 1.8 , and assume that each element of Γ is semi-simple (i.e., diagonalizable). Kaplansky asked whether it then follows that Γ is conjugate to a subgroup of UJfi). Note that Γ u = {1}, so it follows from 1.8 (b) that Γ is isomorphic to a subgroup of U n (C). We shall show, nonetheless, that the answer to Kaplansky's problem is negative. 
_ o l
I owe the following proof of this to Serre. Since each element 1 in Γ is conjugate to an element of infinite order in SU 2 (C), it generates a dense subgroup of a circle group in G; it follows that G is connected. It's projection in SU 2 (C) is connected and nonsolvable, since it contains the free group Γ f . The proper connected subgroups of SU 2 {C) are abelian, so G projects onto SU 2 (C). Let g be the Lie algebra of G and n the kernel of the Lie algebra projection p: g -> su 2 (C). If n = 0 then g is conjugate to su 2 (C) so G is conjugate to SU 2 (C) , contrary to what we proved above. Therefore n is a (real) vector space Φθ in C 2 . Since p above is surjective, n is stable under su 2 (C), which acts irreducibly on C 2 . It follows that n -C\ so
[o o
whence the result. 2* Absolutely irreducible monoids of integral character* NOTATION 2. 1 . As in 1.1, K is an algebraically closed field and Γ is a multiplicative submonoid of M n (K). We further assume that Γ acts ir reducibly on K n , so that the Burnside Lemma 1.2 furnishes a JSΓ-basis s l9 --,s n 2 in Γ of M n (K), and the dual basis t ίf •••, ί»2:
. For any subring A of K we write AΓ for the sub A-module of M n (K) generated by Γ: AΓ is an Aalgebra.
The next result records some more or less standard facts. We shall draw some simple consequences to be applied later. Assertion (a) is immediate from 1.2 (b) , and it clearly implies (b). Assertion (b) applied to A = F implies that FΓ is a central simple .F-algebra of dimension n 2 . The rest of (c) follows from Wedderburn structure theory. A maximal subfield E of D can be embedded in K as an extension of F. Such an E has degree s over F and splits the F-algebra FΓ = M r (D) (cf. [9] , Th. 68.6) 
Then AΓ is a finitely generated A-module,
is, by hypothesis, a finitely generated A-module. Conditions (2) and (3) imply that Tr(Γ)cΰ, so 2.2 (a) implies that BΓ is contained in a finitely generated β-module. Since A is noetherian it follows that AΓ c BΓ is a finitely generated A-module. REMARK 2. 4 . In practice condition (3) is typically assured by having ΓaM n {L). This is the case (for suitable L) whenever Γ is contained in a finitely generated sub A-algebra of M n (K). The corollary applies notably when A is a finite field, and then implies that Γ is finite. COROLLARY 2. 5 If char (K) > 0 then A = F, a finite field, and the corollary is just part (e) of 2.2. Assume therefore that F is a finite extension of Q. By 2.2 (e) we may, after a conjugation, assume that Γ a M n (E) for some finite extension E of F. Let C denote the integral closure of A in Έ. Then C is the ring of S-integers of E, where S is a (possibly infinite) set of primes of E containing all archimedean primes. In particular C is a ring of fractions of the ring of algebraic integers of E so it is a Dedekind ring and, by 2.2 (a), CΓ is a C-order in the i?-algebra M n (E).
Therefore Γ leaves invariant a finitely generated C-module PaE n which contains an i£-basis of E*. There is a finite extension L of E (for example the Hubert class field of E) such that all ideals of C become principal in the integral closure B of C in L. Then the S-module B (& c 
Let G be the normalizer of Γ in SL n (K). Then G is integral over A.
Let seG, i.e., sΓs' 1 -Γ and det (s) = 1. We must show that s is integral over A. Choose a finitely generated submonoid Γ x of Γ containing a ϋΓ-basis of M n (K), and let Γ' denote the submonoid of Γ generated by \JmezS
for some finitely generated field extension L of F. Replacing Γ by Γ' therefore, we are allowed to add condition (3) of 2.3 to our assumptions. We may enlarge A to its integral closure, so that A is a ring of fractions of the integral closure of Z in F. It follows that A is an "excellent ring" (see [11] , § 34) and, in particular, satisfies the hypothesis of 2. 3. We are now entitled to conclude from Corollary 2.3 that AΓ is a finitely generated A-module, hence so also is Tr (AΓ). Now enlarging A to the integral closure of A[Tr (Γ)], we may assume further that Tr (Γ) c A (condition (1) of 2.2). Then, in view of Corollary 2.5, we may enlarge A again to its integral closure in a finite extension of F, and conjugate Γ (and s), so as to arrange that
is a finite field so AΓ is finite, and its centralizer has finite index in its normalizer. The centralizer of AΓ consists of scalars, and the scalars in SL n (K) form a finite group, so G is finite in this case, hence [integral over Z. Suppose therefore that char (K) -0, so that F is a number field and A is a ring of fractions of the ring of algebraic integers in F. It follows that A-orders in semi-simple .F-algebras satisfy the Jordan-Zassenhaus theorem (see [1] , Ch. X, Th. 2.4) . Therefore, as in the proof of Th. 2.9 of [1] , Ch. X, one concludes that the group In Aut (AΓ) of inner automorphisms of AΓ has finite index 24 HYMAN BASS in Aut (AΓ). The normalizer G of Γ in SL n (K) maps naturally to Aut (AΓ), jand the inverse image G 1 of In Aut (Γ) has finite index in G. Hence some power t = s q of s yields an inner automorphism of AΓ, in other words there is a unit u of AΓ such that uxu~λ -t x t~ι for all #eAΓ. Since the centralizer of AΓ is K we have £ = wu for some w eK. But 1 = det (ί) -w n det (u). Since AΓ c M n (A) we have w % = det (u)" 1 e A so w is integral over A. Hence t = ww is integral over A, and so also is s (because s q -t); whence the proposition.
COROLLARY 2. 9 .
Let A and Γ be as in 2.8.
Let G be a subgroup of GL n (K) that normalizes Γ and such that G ah is a torsion group. Then G is integral over A.

Let G^Gfl SL n (K).
Then G x is integral over A by Proposition 2.8. Since GjG 1 is an abelian group the hypothesis implies that every seG has some positive power in G 19 so s is integral over A.
3* A finiteness theorem* NOTATION 3.1. Let B be a commutative ring and let Γ be a multiplicative submonoid of M n (B) which contains a set s lf * ,s m which generates M n {B) as a 5-module. Let A be a subring of B, and let AΓ denote the sub A-module of M n (B) generated by Γ; it is an A-algebra.
Our aim is to show, under suitable finiteness assumptions, that AΓ is a finitely generated A-module. The proof is a slight refinement of arguments in Procesi [12] , Ch. VI, but the formulation below is more convenient for our applications.
We begin with an integral form of the Burnside lemma. LEMMA 
(a) There exist elements t ly --,t m eM n (B) such that, for all seM n (B) we have
(1) 8 = Σ Tr (ssjt, . i (b) If Tr (Γ) c A then (c) // Tr (Γ) c A
and A is noetherian then AΓ is a finitely generated A-module.
The trace form on the finitely generated free 2?-module M n (B) induces an isomorphism from M n (B) to Hom 5 (MJJB\ B), so (a) follows from [7] , p. II. 46, Prop. 12. The implications (a) => (b) and (b) => (c) are immediate, whence the lemma. THEOREM 
Suppose A is a noetherian subrίng of B and that (each element of) Tr (Γ) is integral over A. Suppose further that Γ is a finitely generated monoid. Then AΓ is a finitely generated A-module.
The proof proceeds by several successive reductions.
We may assume that B is a finitely generated A-algebra.
Indeed we may replace B by the sub A-algebra B' of B generated by the matrix entries of the elements of a finite set of generators of Γ, including s u , s m , plus the coefficients in B used to express the basic matrices e ίβ as linear combinations of s lt , s m . Then Γ aM n (B f ) still satisfies our hypotheses, and B' is a finitely generated A-algebra.
2. We may assume that A is a local ring. In fact it follows from [12] , VI, Lemma 2.4 that AΓ is a finitely generated A-module provided that A»Γ is a finitely generated A p -module for all primes p of A.
3. We may assume that the local ring A is complete. In fact the completion i of A is a faithfully flat A-module so that AΓ is a finitely generated A-module provided that A ®^ AΓ is a finitely generated A-module ([8] , Ch. I, § 3, no. 6, Prop. 11 (B) and Tr (Γ) is integral over A since Tr commutes with base change. 4 . We may assume that B is reduced, i.e., that the nil radical N of B is zero. In fact let A' denote the image of A in B' = B/N, and Γ' the image of Γ in MJβ').
We have a commutative exact diagram
where J = M n (N) Π AΓ is a nilpotent ideal (because B is noetherian).
If we know the theorem for: B', which is a reduced finitely generated A'-algebra; A', which is complete local; and Γ', which is finitely generated with Tr (Γ') integral over A', then it follows that AT' is a finitely generated A'-module. Let P be any prime ideal of AΓ.
Then p contains the nilpotent ideal J so AΓ/p, being a quotient of AT', is a finitely generated A-module. It now follows from [12] , VI, Lemma 2.6 that AΓ is a finitely generated A-module.
The integral closure A λ of A in B is a finitely generated A-module. This follows from Lemma 3.4 below.
Now to prove the theorem note that Tr (Γ) c A 19 and A x is noetherian, by (5) , so it follows from 3.2 (c) that A λ Γ is a finitely generated A^module. By (5) again it follows that AΓcA^ is a finitely generated A-module. LEMMA 
Let A be a complete noetherian local ring, let B be a finitely generated commutative A-algebra which is reduced, and let A' be the integral closure of A in B. Then A! is a finitely generated A-module.
Since B is noetherian and reduced we have 0 = ft Π Π ft where the ft are the minimal primes of B. Let Bt = l?/ft and let At denote the integral closure of A in B^ Then clearly 4'c]]ίΛ so if each A t is a finitely generated A-module so also is A'. We may therefore assume that B is an integral domain. Replacing A by its image we may further assume that AczB.
Let FaL be the corresponding fields of fractions and let E denote the algebraic closure of F in L. Since L is a finitely generated field extension of F the same is true of the intermediate extensions (Lemma 3.7 below) , so E is a finite extension of F. Clearly A' is the integral closure of A in E, so it is a finitely generated A-module by Nagata's theorem ( [11] , Cor. 2 of Th. 31. C). COROLLARY 
Suppose that A is a noetherian subring of B and that Tr (Γ) is integral over A. Then every finitely generated sub A-algebra of AΓ is a finitely generated A-module. In particular AΓ is integral over A.
Let X be a finite subset of AΓ. Let Y be a finite subset of Γ, and Γ r the submonoid of Γ generated by Y. We can choose Y large enough to contain s lf * ,s m (see 3.1) and so that XaAΓ'. Theorem 3.3 implies that AΓ 1 is a finitely generated A-module. So likewise therefore is the sub A-algebra generated by X. REMARK 3.6. The results 3.2, 3.3, and 3.5 
remain valid if M n (B)
is replaced by any Azumaya J5-algebra S of rank n 2 , and Tr by the reduced trace. In fact there is a faithfully flat commutative Balgebra B' such that B'φ B S is isomorphic to M % (B'), and this reduces these questions to the case treated above.
We close this section with a lemma used in the proof of 3.4 above, for which we could not locate a convenient reference. LEMMA 
Let F czE czL he fields. If L is a finitely generated extension of F then so also is E. In particular the algebraic closure of F in L is a finite extension of F.
Let T be a transcendence base of L over F such that T o = TΠ E is one of E over F. Then E is algebraic over F(T 0 ), and of degree at most that of L over F(T), which is finite. Whence the lemma. 4 . Integral PI algebras and integral ^-representation type* We first recall some terminology from Procesi [12] .
Polynomial identities 4.1. Let A be a commutative ring, and let R be an Λ-algebra. A polynomial f (X l9 , X n ) in non commuting indeterminates and coefficients in A is called a polynomial identity
Write c(f) for the ideal of A generated by the coefficients of /. One calls R a PI A-algebra if it satisfies a polynomial identity / such that c(f) = A. It then follows from a theorem of Amitsur ( [12] , II, Th. 4.1) that R satisfies an identity of the form sζ for some integers n, m1
, where
with σ ranging over all permutations of {1, , n). The ring M n {A) satisfies the "standard identity" s 2n of n by n matrices; this is the well known theorem of Amitsur-Levitzky ( [12] , I, Th. 5.2). (f) R is a finitely generated A-algebra. We shall prove simultaneously that (a) => (c) and that (a) + (f) implies (b') R is a finitely generated A-module.
Central extensions 4.2. A ring homomorphism
To prove (c) it suffices, by [12] , VI, Lemma 2.3, to do so for each R/P with P a prime ideal of R. Similarly, assuming (f), then (b') follows once it is known for each R/P 9 by [12] , VI, Lemma 2. 6 . Therefore we may assume for both implications that R is a prime ring. By [12] , II, Th. 3.2 there is then an embedding Ra M n (K) which is an absolutely irreducible representation. Replacing A by its image we may assume that A is a subring of K. Let X be any finite subset of R containing a if-basis of M n (K), and let Γ denote the multiplicative monoid generated by X. Then (a) implies that Tr(Γ) is integral over A, so Theorem 3.3 implies that AΓ is a finitely generated A-module. It is clear that both implications (a) =* (c) and (a) + (f) => (b') follow from this. Finally, to prove (a) => (b) let R' be a finitely generated sub A-algebra of R. The implication (a) ==> (c) shows, assuming (a), that R' is integral over A. Therefore the implication (a) + (f) => (b') shows that R' is a finitely generated A-module, whence (b). DEFINITION 4.5 . Let A be a commutative ring, let R be an A-algebra, and let n be an integer ^1. We say that R has integral n-representation type (over A) if, for all absolutely irreducible 2n . Then every finitely generated sub A-algebra of R/J is a finitely generated A-module.
The absolutely irreducible representations of R/J correspond bijectively with those of R of dimension ^n (see [12] , II, Prop. 7.6 and III, Prop. 2.2) . Hence R/J is a PI A-algebra satisfying condition (a) of 4.4 , therefore also condition (b). Whence the corollary.
The next proposition gives a convenient "geometric" picture of the absolutely irreducible representations of an A-algebra finitely generated as an A-module. PROPOSITION 
which is a neighborhood of P in V(P). (For Icίwe write V(X) for the set of primes Q in spec (R) which contains X; these are the closed sets in spec CR) ) The proposition now clearly follows from the next two claims. 1. spec (R) is covered by a finite number of the sets U P .
Let p: R -> M n (K)
be an absolutely irreducible representation with K algebraically closed and with kernel Qe U P . Then n P = n and there is an A-algebra homomorphism σ:
We prove (1) by noetherian induction. Specifically, let P t (i e I o ) be the minimal primes of R (i.e., the generic points of the irreducible components of spec(jβ)). Then Uie/ 0 U P . contains an open dense set spec (R) -V(J λ ) of spec (JB), where J x is some ideal of R.
Next let Piiielj) be the generic points of the irreducible components of of V(J ± ). Then \J ieIoΌIι U P . contains spec(i?) -F(J 2 ), where V(J 2 )c: F(J X ) and V(J 2 ) contains no generic point of V(J t ). Continuing in this way, one exhausts spec (R) in a finite number of steps because spec (jβ) is noetherian.
To prove (2) we first write Q = Ker (p) = ρ P \P f ) for some prime P' e spec (M np (B P )). All primes of M np (B P ) come from B P , so P' is the kernel of M np (B P (B' ) is a central extension with the same kernel Q as p. Passing to the field of fractions of B' to make p' an absolutely irreducible representation, and then applying [12] , II, Th. 7.4 , we see that n P = n and we obtain an A-algebra embedding σ r of B' into some field extension L of K such that the composites R K M n {B') ^ M n (L) and 72 Λ M n (K) -Λf # (L) are conjugate. Since p\s P ) Φ 0, B' is algebraic over the field of fractions of p'(A), so we must have σ\B') c K (since if is algebraically closed). Now the composite σ: B P -> B'°->K satisfies claim 2. REMARK 4.8. The refinement of Proposition 4.7 made when A -Z applies, more generally, when A is a ring of S-integers in a global field. LEMMA 
) -+ M np (B') for some quotient B' of B P . Then the composite p': R -> M np (B P ) -> M np
Let A be a commutative ring, let R be a PI Aalgebra, and let RaS be a central extension {(see 4.2). // Z(S) is integral over R then S is integral over R, and spec (S) -> spec (R) is surjective.
[We say that s e S is integral over R if there exist elements r 0 , , r Λ _χ in R such that r 0 + + r^s*" 1 + s u = 0.] Lemma 4.9 is proved by Shelter in [13] , Cor. of Lemma 1 and Theorem 1. PROPOSITION 
Let RaS be a central extension of nonzero rings, and let n be an integer ^1. Consider the conditions: (a) R is an Azumaya algebra of rank n 2 . (b) S is an Azumaya algebra of rank w. Then (a) => (b) and, if Z(S) is integral over R, (b) => (a).
According to M. Artin's theorem (see [12] , Ch. VII, Th. 3.3) , (a) is equivalent to (i) and (ii) below:
( i ) R satisfies the identities of n by n matrices.
(ii) No nonzero quotient of R satisfies the identities of (n -1) by (n -1) matrices.
The
implication (a) => (b) is clear from the fact that (a) implies that S -R®7ΛR) ZR(S), and this is a central extension only if Z R (S) = Z(S).
Alternatively, one can appeal to [12] , VII, Prop. 3 Lemma 4.9 , to show that (b) => (a) whenever spec (S) -> spec (R) is surjective. Clearly (i) for S implies (i) for R. To verify (ii) for R it suffices to show that, for any Pespec(iϋ), R/P does not satisfy the identities of (n -1) by (n -1) matrices. By assumption P = RΠQ for some Qespec(S). Then R/PaS/Q is a central extension so, if R/P satisfies the (n -l)-matrix identities so also does S/Q, by [12] , VII, Prop. 3.2 again. But this contradicts (ii) for S; whence the proposition. 5* Groups of integral w-reprezentation type* DEFINITION 5.1. Let Γ be a group, n an integer ^1, and A a commutative ring. We say that Γ has integral n-representation type over A if the group algebra A[Γ] has this property, in the sense of 4.5. Equivalently, Γ satisfies: (a) For every absolutely irreducible representation p: Γ -> GL m (K) , where m ^ n and the field K is an A-algebra, X P (Γ) is integral over A.
.2. To prove (b)=*(a) when Z(S) is integral over R it suffices, in view of
By taking Jordan-Holder series, and adding trivial representations to increase the dimension to n, if necessary, we see that (a) is equivalent to:
(b) For every representation p: Γ -> GL n (K), where K is a field which is an A-algebra, X P (Γ) is integral over A.] The same then clearly holds for any commutative A-algebra A' and for any quotient Γ' of Γ. Moreover, this is a property inherited by filtered inductive limits of groups. When these conditions hold for all n ^ 1 we say Γ has integral representation type over A. When no specific ring A is mentioned it shall be understood that A = Z. We shall be primarily interested in the cases when A is Z or a prime field. PROPOSITION 
Suppose that the group Γ has integral n-representation type over a commutative noetherian ring A. Let p: Γ -> GL m (K) be a representation where m ^ n and the field K is an A-algebra. For any finite subset X of Γ, the sub A-algebra of M m (K) generated by ρ(X) is a finitely generated A-module. In particular p(Γ) is integral over A. If A is a finite field then p(X) generates a finite group.
This follows from (the implication (a) => (b) of) Theorem 4.4. PROPOSITION 
Let Γ be a finitely generated group of integral n-representation type (over Z). There exists a finite family of representations pf. Γ -> GL n .(Ai)(i e /) with the following properties.
( 4.1) . The absolutely irreducible representations of dimension <^n of Γ are equivalent to those of the PI Z-algebra R, and Corollary 4.6 implies that R is a finitely generated Z-module. Hence the proposition follows from Proposition 4.7 applied to R. REMARKS 5.4. 1. Proposition 6.3 expresses a strong "rigidity" property of the absolutely irreducible representations of Γ of dimension :g n. For example Card (I) bounds the number of such representations over any algebraically closed field, of any characteristic.
1) For each ie I we have n t ^ n and A t is an integral closed domain finitely generated as a Z-module (hence either a ring of algebraic integers or a finite field). Moreover p t is absolutely irreducible over the field of fractions of A*. ( 2 ) // p: Γ -> GL m (K) is an absolutely irreducible representation of Γ with m ^ n and K is an algebraically closed field then there is an ie I such that n t -m and such that there is a homomorphism σ: A t -* K such that p is conjugate to the composite
2. As is evident from its proof, Proposition 5.3 admits an analogue for any commutative noetherian ring A in place of Z. For example when A is a prime field of characteristic p it asserts that Γ has only finitely many isomorphism classes of absolutely irreducible representations of dimension ^n in characteristic p, and that each of them is definable over a finite extension of A. Since these classes of representations can, in general, be formed into an algebraic variety V over A (cf. [12] , IV, Th. 1.8) , the preceeding conclusion can be interpreted as saying that dim V = 0. PROPOSITION 5.6 . Let Γ be a group and Γ' a subgroup of finite index r. Let A be a commutative noetherian ring, and let K be a field which is an A-algebra. If p: Γ->GL n (K) is a representation and ρ(Γ') is integral over A, then so also is p(Γ), since each seΓ has some positive power in Γ'. In view of Proposition 5.2 Replacing A by one of its residue class fields, we may assume that A is a field, hence noetherian. Proposition 5.5 implies that the derived group Γ' of Γ has finite index in Γ, and Corollary 5.8 then implies that Γ' has integral representation type over A. By induction on the derived length, we conclude that Γ', hence also Γ, is finite. COROLLARY After replacing A by one of its residue class fields, condition (T Ab) results from Corollary 5.8 and Proposition 5.5. If Γ is finitely generated then so also is each Γ 1 as above, whence (F Ab). PROPOSITION 5.11 . Let Γ = Γ λ x Γ 2 , a direct product of two groups, let n be an integer ^1, and let A be a commutative ring.
Subgroups of finite index
Then Γ has integral n-representation type over A if and only if each Γi has.
In fact the absolutely irreducible representations p of Γ decompose as p -p x ®Pz with p t an absolutely irreducible representation of Γ,(ί = 1, 2). Then if s.eΓ, we have X p (s u s 2 ) = XpfrJXpfa). The proposition results immediately from this. EXAMPLES 5.12. 1. Groups Γ of integral 1-representation type are described in Proposition 5.5 as those for which Γ ab is torsion. 2. A substantial class of groups of integral 2-representation type is furnished by Serre's Theorem 6.4 below. It contains all finitely generated groups of integral 1-representation type which are not nontrivial amalgamated free products. A construction of Shalen shows that free products are almost never of integral representation type (Corollary 8.4 below).
3. Let Γ be a group of integral ^-representation type over a field K. Then there are only finitely many classes of completely reducible w-dimensional representations of Γ over K (Proposition 5.3). However the same need not be true of all ^-dimensional representations of Γ over K. If char (K) = p > 0 this can be seen already with Γ an elementary p-group of type (p, p). Examples in characteristic zero are given in § 7 below (see 7.9) . 4 . Groups of integral representation type clearly include all torsion groups. They are stable under passage to sub (or over) groups of finite index (Proposition 5.7), under formation of filtered inductive limits, of direct products (Proposition 5.11) , and even of arbitrary group extensions (Corollary 9.9).
5. Many arithmetic groups, for example SL n (Z) with n ^ 3 (but not n -2), are of integral representation type. Such examples are discussed in § 10 below. 6* Groups of integral 2-representation type: Serre's theorem and Shalen's conjecture* Examples of groups of integral 2-representation type are furnished by Theorem 6.4 below of Serre. We use Serre's methods also to prove a conjecture of P. Shalen (Corollary 6.7).
The Property (FA) 6.1. A group Γ is said (by Serre [15] ) to have property (FA) if, whenever Γ acts (without inversion of edges) on a tree X, then the tree X Γ of fixed points of Γ is not empty. The group theoretic significance of this is expressed below in terms of "amalgams". We say, again following Serre, that Γ is an amalgam if Γ is a free product with amalgamation Γ 0 * Λ Γ 1 with A Φ ΓH = 0, 1). (c") Γ is finitely generated. It is clear that ((c) + (c'))~(c") and that ((a') + (e")) => (a). Koppelberg and Tits [10] give examples satisfying (a), (b), and (c) but not (C).
2. It is shown in [3] , Th. 3.9 , that Γ satisfies (a) and (b) if and only if Γ has the following property (FA'): Whenever Γ acts (without inversion of edges) on a tree X, each element of Γ fixes some vertex of X. Therefore Serre's proof of Proposition 2 in [15] yields the following result. THEOREM 6.4 (Serre [15] Before proving the theorem we draw some consequences. Note that the ring A in case (2) is either a ring of algebraic integers (char (F) == 0) or a finite field (char (F) > 0). COROLLARY 6.6 . In the setting of 6.5 In case (2) A is a finite field so the conclusion follows. Assume therefore that we are in case (1) . Then condition (ii) implies that Γ u = {1}, so card (Γ) ^ m 2 . If (i) holds then also Γ is finite since a finitely generated group of triangular matrices as in (1) is clearly finite in characteristic p > 0. COROLLARY 6.7 (P. Shalen's conjecture) . Let Γ be a finitely generated subgroup of GL 2 (C) with the following properties.
(i) There is a set XdC of transcendence degree ^2 over C
(x e X) belong to Γ and they, together with the commutator subgroup (Γ, Γ) generate a subgroup of finite index in Γ.
ii) Γ contains a matrix which is not upper triangular. Then Γ is an amalgam.
Suppose, on the contrary, that Γ were not an amalgam, i.e., we have condition (b) of 6.5. Property (i) clearly implies condition (a") of 6.5 as well. In applying Theorem 6.5 we take for F the field generated by the matrix coefficients of a finite set of generators of Γ. It then follows that we are in case (1) or case (2) of 6.5. We exclude case (1) by showing that Γ acts irreducibly on C 2 . Indeed if x Φ 0 belongs to X then e(x) leaves a unique line L of C 2 invariant, and (ii) implies that L is not invariant, under all of Γ. Thus we are in case (2). But then it follows from Corollary 2.7 that x has transcendence degree ^1 over Q, contradicting (i). This contradiction proves the corollary.
The proof of Theorem 6.5 uses the following more or less well known lemma.
LEMMA 6.8 . Let F be a field finitely generated over its prime field F p (p = char (F)) 9 let E be the algebraic closure of F p in F, and let A be the integral closure of Z in F (or E).
1) E is a finite extension of F p . Ifp>0 then A = E. If p = 0 then A is the ring of algebraic integers of E.
(2) Let V denote the set of discrete (rank 1) valuations of F. (1) follows from Lemma 3.7 and (3) Next note that, by the extension theorem for places, each discrete valuation ring of L is contained in one of F. This remark, plus the induction hypothesis applied to Γ now establishes (2). 6.9 . Proof of 6.5 . Let V be the set of discrete valuations of F, as in 6.8 (2) . Let v eV, let A v be its valuation ring, and let X v be the tree associated to v as in [14] , Ch. II, § 1. The kernel GL 2 (F)°o f t det: GL 2 (F) ->Z acts without inversion onl r Hypothesis (a") implies that Γ cGL 2 {F)\ Each unipotent element of GL 2 (F) fixes some vertex of X v (cf. [14] , p. II-ll). Hence Γ u is contained in the subgroup Γ o of Γ generated by the stabilizers in Γ of vertices of X v . The quotient group Γ/Γ o is isomorphic to the fundamental group of the quotient graph Γ\X υ (cf. [14] , Ch. I, § 5). The latter is a free group, so (a") again implies that it is trivial, i.e., Γ\X υ is simply connected, hence a tree. Since Γ is not an amalgam (condition (b)) one now concludes, as in Serre's proof of Theorem 6.3 (cf. also [3] , Prop. 3.7) , that Γ fixes some vertex of X υ . By Proposition 2 of [14] , p. II-ll, this implies that Γ is conjugate to a subgroup of GL 2 {A υ ), so the coefficients of the characteristic polynomials of elements of Γ belong to A v . This being true for every v e V it now follows from Lemma 6.8 (2) homomorphisms Γ->F X , so (a") implies that the elements t ti are roots of unity. Being eigenvalues of elements of GL 2 (F), they have degree <;2 over F. It follows therefore from 6.8 (3) that there is an m ( = m(F, 2) ) such that £« = 1 for all t G sΓs" 1 . In order that a finitely generated group Γ be of integral 2-representation type it is necessary that Γ satisfy (a) Γ ab is finite (Proposition 5.5) , and it suffices that Γ satisfy (a) and (b) Γ is not an amalgam (Theorem 6.4) . A solution to the above problem might therefore be sought by attempting to characterize intrinsically the kinds of amalgams that arise from actions of GL 2 (F) on trees X v as in the proof of Theorem 6.5. A finitely generated group of integral 2-representation type which does not satisfy (b) can be obtained by taking a free product Γ = /\*JΓ 2 of finite groups Γ t neither of which have nontrivial linear representations of dimension 2 over any field, e.g., Γ 1 = Γ 2 -SL B (F δ In fact σ χ is the induced representation, 7.3) .
(2) p -2 and there is a linear character X: N->C X such that XφX~x and such that p is isomorphic to σ x (see 7.5) . The set {X, X" for some map a:Γ->C such that a(W) = a(t) + X(t)a(t') for t, t'eΓ.
Let p: Γ -» GL n {K) and p': Γ" -~> GL n (K) be nontrivial representations. If either of them is scalar we can replace one of its diagonal entries by 1 to make it nonscalar. Now let H denote the group of scalar matrices in p(Γ) ΓΊ p\Γ')\ then H Φ p{Γ) and H Φ p'(Γ r ). If L is a suitable transcendental extension of K then Proposition 8.3 furnishes a faithful representation p{Γ)* H p\Γ') -> GL n {L) whose character takes values transcendental over K; whence the corollary.
Problem 8. 5 . Which amalgamated free products admit faithful linear representations'! This problem is raised by Shalen in [17] , where he treats some very special cases of it. 9* Integral representation type and group extensions• NOTATION 9.1. We fix an integrally closed domain A whose field of fractions F is a finite extension of its prime field. Thus A is a ring of fractions of the integral closure of Z in F; it is a Dedekind domain. For any group G we shall write A n (G) to indicate that G has integral ^-representation type over A.
We fix a group G with a normal subgroup H. Let p: G->GL m (K) be an absolutely irreducible representation with K an algebraically closed field which is an A-algebra. We consider also the associated adjoint representation a = Adop = p® p* : G -Aut κ^e (M m (K) ) c
Our aim is to give criteria for the integrality of p(G) over A. LEMMA 
// det (p(G)) and a(G) are integral over A then p(G) is integral over A.
Let seG and let w u '-,w 
